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Abstract- The computational challenge of determining whether a tangled loop is topologically equivalent to the unknot is a
fundamental benchmark in computational topology. While classical algorithms established this problem in the complexity
class NP, the exponential growth of structural data has catalyzed a paradigm shift toward Artificial Intelligence (Al) and
Machine Learning (ML) approaches. This paper presents a comparative analysis of contemporary Al/ML techniques applied
to the unknotting problem and knot theory at large. We survey foundational and modern studies, mapping the evolution from
classical polynomial invariants to modern Deep Reinforcement Learning (DRL) agents and supervised learning models.
Furthermore, we conduct a comparative analysis evaluating the inductive biases of different data representations, specifically
contrasting sequence-based models with planar graph representations processed via Graph Neural Networks (GNNs). Our
analysis extends to real-world applications in molecular biology and robotics, concluding that while sequence models offer
computational efficiency, graph-based topological modeling provides superior geometric generalization.
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1.  Introduction

In mathematical topology, a knot is defined as a smooth embedding of a circle (S') into three-dimensional
Euclidean space (R%). The fundamental challenge is the recognition problem: devising an algorithm to determine
if two distinct descriptions—typically presented as 2D diagrams—represent the same underlying topological
object. A historically significant sub-problem is the unknotting problem, which asks if a given knot can be
deformed into the simplest possible "unknot™ through an ambient isotopy. Determining unknot equivalence is a
benchmark for topological complexity; while decidable, it is known to be NP-hard, and the search space for the
correct sequence of moves is vast [1].

1.1 Background

Knot diagrams represent 3D structures on a 2D plane, with breaks at crossings indicating strand orientation. The
bridge between continuous deformation and discrete diagrams is formalized by the Reidemeister moves: Type |
(Twist), Type 1l (Poke), and Type I (Slide) [2],[3]. Any function on these diagrams that remains unchanged
under these moves is a knot invariant. Classical invariants include the Alexander polynomial [4] and the Jones
polynomial [5], which can often distinguish a knot from its mirror image (chirality). Despite their power,
computing these invariants for high-crossing knots remains computationally expensive [6].
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Fig. 1.1: Examples of standard prime knots and the three fundamental Reidemeister moves used for continuous
diagram deformation adapted from [7].

2. Literature Review
The unknotting problem began in the 19th century with Peter Guthrie Tait's classification program, inspired by
Lord Kelvin's "vortex-atom theory". Modern study was formalized in the 1920s by Kurt Reidemeister, who
established a combinatorial foundation based on three moves (Type I, 1I, and IlI), transforming a continuous
problem into a discrete search space [2]. Alexander and Jones later introduced algebraic polynomials as
invariants to distinguish knots, though their computation remains expensive [4], [5].

Algorithmic geometric solutions to the problem were first given by Haken in 1961, which proved decidability
but lacked practical efficiency [8]. Subsequent complexity research placed unknots recognition in NP, setting the
stage for data-driven heuristics [1]. Machine learning (ML) was catalysed by large computationally generated
databases. Initial efforts focused on classification from polymer conformations [9], which evolved into deep
neural networks predicting complex 4D invariants from 3D invariants with >95% accuracy [10], [11]. Landmark
work by Google DeepMind utilized saliency analysis to guide mathematicians toward proving new theorems
linking geometric "cusp™ properties to algebraic signatures [12].

Reinforcement learning (RL) has become the dominant paradigm for active unknotting due to the sequential
nature of diagram simplification. The state-of-the-art agents have determined unknotting numbers for over
57,000 knots and identified 2.6 million "hard unknot™ diagrams [7], [13]. These advancements find parallels in
molecular biology, where AlphaFold 2 has uncovered rare composite protein knots [14], [15], and in robotics,
where cognitive architectures like HULK combine learning-based perception with knot manipulation primitives
[16].
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Fig. 1.2: Neural network accuracy in predicting slice genus and s-invariant from Khovanov polynomials at
varying training fractions adapted from [10].
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3. Methodology

3.1 Data Representation of Knots
The choice of representation is critical as it introduces an inductive bias that guides the model's pattern
recognition capabilities [17], [18]. The primary methods for encoding knots include:

e Braid Words: Every knot can be represented as the closure of a braid. Described algebraically as a one
dimensional sequence of generators and their inverses, this format is highly data-efficient and well-suited
for sequence-processing models [18], [19]. Braid representations often yield the highest accuracy for
predicting invariants because their algebraic structure aligns closely with homological definitions.

o Dowker-Thistlethwaite (DT) and Gauss Codes: These compact notations record the sequence of crossings
encountered during a traversal of a 2D knot diagram [17]. While efficient, they encode topology in a non-
local manner, which can make it difficult for models to infer geometric structure without specific
architectural considerations.

e 3D Coordinates (Polygonal Curves): This geometrically intuitive format represents a knot as a list of (x, y,
z) coordinates forming a polygonal curve. It is frequently used in physical contexts like protein or DNA
modelling [20]. However, it is memory-intensive and sensitive to rotations and translations.

e Graph-Based Representations: This approach treats knot diagrams as graphs where nodes represent
crossings and edges represent connecting arcs. This allows the use of Graph Neural Networks (GNNs) to
pass messages between nodes, leveraging the combinatorial structure of the diagram [17], [21].

3.2 Model Architectures
The selection of neural network architecture is directly informed by the chosen data representation:

e Feed-Forward Neural Networks (FFNNSs): These are used for processing fixed-size vector inputs, such as
feature vectors derived from knot polynomials or DT codes [12], [17], [18].

e Recurrent Neural Networks (RNNs) and LSTMs: Designed for sequential data, these models maintain an
internal "memory" to capture dependencies along a sequence, making them effective for braid words or
polymer coordinates [9].

e Transformers: Ultilizing self-attention mechanisms, Transformers weigh the importance of different
sequence elements regardless of distance. They have achieved state-of-the-art results in learning topological
invariance from braid words and recognizing molecular knots in 3D sequences [20].

e Graph Neural Networks (GNNs): GNNs propagate information across a knot diagram's graph structure to
learn features that are inherently topological and invariant to how the diagram is drawn [17].

3.3 Algorithmic Workflows
The learning process typically follows one of the following paradigms:

e Supervised Learning: Used to map inputs to known outputs, such as uncovering hidden relationships
between algebraic and geometric invariants [11], [12].

e Reinforcement Learning (RL): Unknotting is treated as a strategic decision-making problem formalized as
a Markov Decision Process (MDP). The agent observes a state (diagram), selects an action (move), and
receives a reward (crossing reduction) [22], [13].

e Graph Neural Networks (GNNs): Utilize functors to map knots to face-adjacency graphs, propagating
features that are inherently diagram-invariant [17].
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Fig. 1.3: The architecture of the reinforcement learning agent. The model processes topological
invariants of the current and neighbouring diagrams through value and policy networks to determine the
optimal crossing switch adapted from [13].

4.  Comparative Analysis

A machine learning model's success in knot theory largely comes down to how we translate a physical knot into
raw data. Table 1 breaks down the most common representations used in the literature, comparing the trade-offs
between highly compact algebraic formats (like Braid Words) and more structurally intuitive ones (like Graph
Representations) [18].

Table 1.1: Comparison of Knot Data Representation

R tati Data Geometric St th Weak Suitable ML
epresentation Eormat Intuition rengths eaknesses Models
Integer si?(;?wpam; Not unique RNNs,
Braid Words g Low g q Transformers
Sequence algebraic [17]. [18], [19]
structure [18]. '
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Integer compact; Non-local FFNNS,
DT Code Se Sence Low canonical for encoding [17] Transformers
a prime knots g "1 [17], [18]
[17].
Geometrically
. Array of . intuitive; Not rotation Transformers,
3D Coordinates Floats High essential for invariant [9]. | CNNs [9], [20]
molecules [20].
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Graph Rep. jacency High construction GNNs [17]
Matrix structure [17], [21]
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The graph in figure 1.4 demonstrates the superior inductive bias of Braid and Planar Diagram (Graph)
representations for complex topological tasks. Using those data representations as a foundation, Table 1.2
compares the actual performance of the leading Al frameworks. This matrix highlights what each methodology
does best, what it still struggles with, and its most significant recent breakthroughs—charting the field's shift
from simply predicting invariants to actively untangling knots using reinforcement learning and quantum
algorithms [13], [12], [23], [24].

Fig. 1.4: Comparative accuracy of neural networks in predicting various knot invariants based on their input data
representation (DT code, Gauss code, Planar Diagram/PD, Braid words, and 3D Coordinates) adapted from [18].

Table 1.2: Performance Matrix of Al Paradigms
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Supervised | Low Invariant 97.6% Volume Accuracy [25]; Lacks spatial
(FFNN) Prediction 95% accuracy for 4D context
invariants[10]
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5. Conclusions

The fusion of machine learning with knot theory has evolved from basic classification into a sophisticated
partnership for mathematical discovery. Supervised learning models now demonstrate exceptional precision,
achieving near-perfect accuracy in knot classification and revealing hidden correlations between complex
invariants. A defining breakthrough is the work of Davies et al., which showcased Al’s role as an "intuition
amplifier" by guiding mathematicians toward the formulation and proof of entirely new theorems [12].

The adoption of reinforcement learning (RL) has revolutionized the approach to sequential topological
problems. By framing the unknotting process as a Markov Decision Process, RL agents have successfully
identified minimal move sequences for complex diagrams, resolving previously unknown unknotting numbers
for tens of thousands of knots [22], [29]. Supervised learning has successfully uncovered empirical relationships
between invariants [11], while deep reinforcement learning has achieved tangible progress in solving the active
unknotting problem for tens of thousands of knots [7], [13]. Furthermore, the comparative analysis concludes
that while sequence based models offer computational speed, Graph Neural Networks (GNNSs) provide the most
robust inductive bias for structural mapping. By natively capturing the combinatorial connectivity of strands,
GNNs have demonstrated superior generalization capabilities, successfully scaling to complex knot diagrams
[17].

6. Future Scope

While current machine learning frameworks offer impressive heuristic solutions, they have yet to answer the
fundamental computational question of whether unknot recognition can truly be solved in polynomial time [1],
[30], [31], [32]. Resolving this requires moving beyond the "black box" nature of traditional deep learning. To
genuinely advance pure mathematics, future systems must prioritize transparency—perhaps utilizing inherently
interpretable architectures to help researchers translate Al-recognized statistical patterns into rigorous, formally
verified proofs [12]. Furthermore, as researchers inevitably hit the strict processing limits of classical hardware,
the field must look toward quantum computation. Because evaluating complex invariants like the Jones
polynomial is a BQP-complete problem, the eventual arrival of fault-tolerant quantum computers promises a
radically new paradigm that could bypass our current algorithmic bottlenecks entirely [23], [33].

Looking forward, the role of Al in topology is expanding from simply solving known problems to actively
hunting for new mathematical anomalies [34]. For example, rather than just untangling diagrams, generative
models are being explored to construct rare, external knots that might serve as counterexamples to long-held
assumptions— such as the conjecture that the Jones polynomial definitively detects the unknot. The highly
adaptable reinforcement learning principles developed today are also perfectly positioned to tackle much deeper
four dimensional challenges, including the slice-ribbon problem and its profound ties to the smooth Poincare
conjecture [35]. Ultimately, the goal is not full automation, but the creation of seamless, interactive environments
where a mathematician's intuition is paired with real-time Al testing and visualization, forging a deeply
collaborative loop for future discovery [12].
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